Abstract -Preliminary results of an experimental study on the incipient motion of granular, non-cohesive particles in a laminar oscillatory flow of water and power law fluids are presented in this paper. The threshold condition is defined in terms of two dimensionless variables, one ( ) representing the ratio between Coulombic and drag forces acting on the particles, and another ( ) that involves the quotient of the particle diameter and a scale of the boundary layer thickness, a modified Reynolds number of the particle, and a function of the flow behaviour index of the fluid. A relation between  and was obtained that shows good agreement with the experimental data.
Introduction and Objective of the Paper
The threshold condition of non-cohesive granular sediment in oscillating flows has been the subject of extensive research when the fluid media is water. Since the classical paper by Bagnold [1] , a myriad of research has been published [2] [3] [4] [5] [6] [7] [8] . Depending of the author, the threshold condition is expressed in terms of some properties of the fluid, the sediment, and the flow near the bed. The variables used to characterize the incipient motion of the sediment differ according to the researcher, but usually they include variables associated to the orbital motion of the fluid near the bed, such as its period (or frequency) and maximum orbital excursion of the fluid particles. The sediment is characterized by its size and density. The fluid is defined by its density and viscosity. Some authors describe the threshold condition in terms of a shear stress acting on the particle, which frequently is associated to the flow velocity by means of a friction factor.
As far as the authors are aware, all the existing relationships to determine the threshold condition in oscillating flows have been derived considering a Newtonian fluid, namely water, and there is not reported research when the fluid is nonNewtonian. Published studies on the generation of sheet flows, in which the sheet of mud is modeled as a non-Newtonian fluid, deal with a different problem [9, 10] .
The objective of this paper is to present some results of an ongoing experimental research on the condition for incipient motion of granular non-cohesive sediment under the action of waves of a power law fluid.
Experimental set-up, materials and methods

Experimental set-up
A sketch of the experimental set-up used in the research is shown in Fig. 1 . It consists in a tank 4 m long, 0.15 m wide and 0.4 m high, with a sand bed 2.15 m long and 4 cm thick. The tank is filled with fluid up to a defined height and waves are generated by a paddle moved by a 1 HP motor. A gear mechanism and an electronic frequency regulator control the motion of the paddle. The stroke of the paddle can be adjusted between 0 and 8 cm. 
Materials
Two different sizes of sand were used in the bed, with mean diameter of 0.25 and 0.55 mm, with equal to 2600 kg/m3. The fluids used in the experiments were water and three pseudoplastic fluids that were produced dissolving sodium carboxymethyl cellulose (CMC) in water, whose rheology is well described by a power law model, =̇ , where is the shear stress, ̇ is the shear rate, is the consistency coefficient and is the flow behaviour index. Rheology was determined with a rheometer made by Anton Paar model Rheolab QC, with a peltier temperature control. A summary of the values of and is given in Table 1 . 
Wave characterization
To characterize the waves, the free surface was recorded during the experiments by means of a camera located perpendicular to one of the walls. From the video analysis, the period , wave height , and wave length were determined. The range covered by these variables in the experiments, and the mean water depth, ℎ, is presented in Table 2 . s cm cm ℎ cm 0.9 -1.9
1.9 -6.4 28 -110 10 -29
Flow regime
The flow regime was determined using Kamphuis' criterion [11] , complemented with visual observation of the flow. Kamphuis' criterion is defined upon a Reynolds number defined as = /, where and are the maximum orbital velocity and wave orbital amplitude, just outside boundary layer, respectively.  is the kinematic viscosity of the fluid. In the case of power law fluids, and effective or equivalent viscosity,  , was used, defined as  = / , where =̇− 1 and is the fluid density. According to Kamphuis, the upper limit of the laminar regime occurs at ≈ 10 4 . Excepting one experimental condition with = 10022 (water as fluid), the rest was in the range from 7 to 6931. Thus, all the experiments were in the laminar regime. 
Flow characteristics near the bottom
The wave regime corresponds to the intermediate between deep and shallow water (0.05 < ℎ⁄ < 0.5). As a first approximation, the maximum velocity and the semi-excursion of the fluid near the bottom was computed from the Airy's wave theory [12]:
Although Eqs.1 and 2 are not valid for viscous fluids, they were used because they can be easily computed from the experimental conditions, and they proved to be good parametrizations in the data analysis.
Criterion to determine the threshold condition
It is well known that the determination of the condition of incipient motion of the particles is rather arbitrary and the origin of the dispersion of the data reported by different researchers [13] . In this research, the threshold condition was defined when a few particles of the bed surface were rolling back and forth.
Scale analysis of the problem
Let's consider an isolated particle on the bed, which is assumed horizontal, where a laminar flow develops, as shown in Fig. 2 . The oscillating flow exerts a drag force, , on the particle, which is resisted by a Coulombic friction between the particle and the bed. In this analysis the added mass force will be considered negligible when compared with the drag. The drag force scales as ~2 2 where is the drag coefficient and a characteristic velocity of the flow. For low Reynolds numbers, in pseudoplastic flows ~1⁄ , where is a modified Reynolds number [14] . Thus, ~. The Coulombic force is proportional to the submerged weight, ~( − ) 3 , where is the acceleration due to gravity. A dimensionless parametedefined as the ratio of Coulombic and drag forces,  = ⁄ , is introduced in the analysis:
A laminar oscillating boundary layer develops over the sand bottom. The scale of the boundary layer thickness is:
The only other length relevant near the bottom is the particle diameter, originating the dimensionless parameter = δ ⁄ :
Following Goddet [2] , it is proposed that  = ( ). This functional relationship will be used to analyse the data in the next section. As characteristic velocity, the maximum orbital velocity near the bottom, , is used. Due to its dependency with the shear rate, the effective viscosity varies in time and space. However, a characteristic value of ̇ was used in order to quantify  . The shear stress on the bed is given by 0 = ( ⁄ ) | 0 , from where an effective dynamic viscosity near the bottom is defined as 0 = ( ⁄ ) −1 | 0 . It is clear that 0 is flow dependent. As a first approximation, the expression obtained for a two dimensional, uniform free surface flow is used, , instead of the mean velocity :
In general, the effective viscosity for uniform flows can be written as = ( ⁄ ) −1 , where is a length associated to de flow depth and is a function of the flow index [15, 16] . Thus, for example, in a cylindrical duct corresponds to the pipe diameter, and = ((3 + 1) 4 ⁄ ) . Selection of Eq. 6 is justified by the good agreement of the experimental data to the final relationship that is found for the incipient condition, as it will be seen in the following section.
Data analysis
The relation between the variables  and is presented in Fig. 3 . It is observed that, although there is a tendency of the data to follow a growing relationship between these variables, there is a considerable scatter of the data and they tend to be grouped according to the fluid rheology and sediment size. Thus, the variables need to be modified in order to correct these effects. First, it was considered that a Reynolds number based on the effective viscosity and the particle size ( =  ⁄ ) would help to collapse the data, and the variable was replaced by = , where the exponent should be determined by the best fit to the data. Although the relationship between  and presented a better collapse than that shown in Fig. 3 , it still showed a segregation of the data according to its rheology. Thus a new variable was defined, = = , which includes another parameter to be fitted to the data, .
As it can be seen in 
Conclusion
The experimental data corroborate the choice of the dimensionless variables used in the analysis to determine the condition of incipient motion of granular non-cohesive particles in a laminar oscillating flow of a power-law fluid. The dimensionless variables,  and , are well correlated and a relationship is proposed to compute the threshold condition. It has to be noted that this relationship includes data obtained with water and pseudoplastic fluids. As it is indicated in the title of the paper, the results are not definitive, as this is a research in development and more data, expanding the spectrum of experimental conditions, are required to generalize the results presented in this paper. In this regard, a more elaborate analysis of the forces involved in the equilibrium of the particle is required, fluids with a wider range of values of the flow behavior index, as well as a broader range of wave periods and amplitudes.
As far as the authors are aware, the condition of incipient motion in oscillatory flows on non-Newtonian fluids has not been determined before, which highlights the contribution of this article to the fluid dynamics community.
